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Field Theoretical Treatment of E-Plane Waveguide
Junctions with Anisotropic Medium
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Abstract—An analysis of E-plane waveguide junctions con-
taining an anisotropic medium is presented. The analysis is
based on the equivalence principle and on cavity field expan-
sions. Using the equivalence principle, magnetic surface cur-
rents are introduced at the imaginary boundaries chosen be-
tween the central region of the junction and the waveguides.
The electric displacement Q in the junction is expressed in terms
of a solenoidal set while the magnetic induction ~ is expressed
in terms of a solenoidal set and an irrotational set. Matching
the tangential magnetic field at the imaginary boundaries leads
to a matrix equation, the unknown of which are the amplitudes
of the scattered waveguide modes. Using this method, the per-
formance of E-plane waveguide junctions with full-height and
partial-height ferrite post is analyzed. The influence of the
completeness terms C& on the numerical results of an empty
E-plane Y-junction is shown. The numerical results are com-
pared with previously published experimental and theoretical
results.

I. INTRODUCTION

THE E-plane waveguide junction (e.g. E-plane circu-
lator) is widely used in microwave circuits due to its

capability to handle high power. This is because the an-
isotropic medium is not located at the point of maximum
electric field intensity. The theoretical treatment of
E-plane waveguide junctions containing anisotropic me-
dium has, to the best of our knowledge, only been carried
out by using the point-matching method [1], [2]. In the
point-matching method, the propagation constants of the
guided waves in the anisotropic medium are numerically
calculated by solving the characteristic equations, which
contain transcendental functions. In order to obtain the
performance of the waveguide junction, the most signifi-
cant propagation constants have to be looked for first from
the calculated propagation constants [2]. In this paper, a
method based on the equivalence principle and on cavity
field expansions is presented with no need to look for the
propagation constants of the guided waves in the aniso-
tropic medium. The performance of E-plane waveguide
junctions containing full-height and partial-height ferrite
post is calculated. The so-called completeness terms C&
have to be included in the irrotational set in order to com-
pletely describe the field in the jtmction. The numerical
results are finally compared to earlier experimental and
theoretical results.

ManuscriptreceivedMarch31, 1992; revised August 3, 1992.
The authors are with the Technische Universitat Braunschwelg, Institut

fur Hochfrequenztechnik, Postfach 33 29, D-3300, Braunschweig, Ger-
many.

IEEE Log Number 9203690.

II. MATHEMATICAL FORMULATION

Fig. 1 shows an E-plane waveguide junction containing
a partial-height ferrite post. The ferrite post has a relative
perrnittivity q and a relative permeability tensor ‘@,. The
diameter and the height of the ferrite post are d and h,
respectively. The whole structure is assumed to be loss-
less and the fields are assumed to have a time dependence
exp (jot). The waveguides are assumed to support only
one propagating mode (the dominant mode), while all
higher-order modes are below cut-off. However this does
not mean that the higher-order modes are neglected in the
calculation. Rectangular and circular cylindrical coordi-
nate systems (x, y, z) and (r, @, z) are employed with the
z-axis coinciding with the junction axis of symmetry.

Using the equivalence principle [3], the imaginary
boundaries S: chosen between the central region of the
junction and the waveguides are short-circuited and mag-
netic surface currents iW~ = fi x Z& and –iW~ are intro-
duced at both sides of the inserted short-circuits in order
to restore the non-vanishing tangential electric fields. ~~
is the electric field of the i ‘th waveguide (i = 1, 2, 3) at
the imagina~ boundaries S; and E is the unit normal vec-
tor at S:. The central region of the junction is treated as
an empty cavity resonator excited by magnetic surface
currents which are located at the imaginary boundaries
S~, and a volume polarization current replaces the anise:
tropic medium. Since the electric displacement Q is di-
vergenceless in this resonator, it can be expressed com-
pletely as an expression in terms of a solenoidal set

~ = CO2 e,,~. (1)
a

where ~~ means the electric field of the n ‘th resonance
mode in the empty resonator (with the magnetic surface
currents at S; and the anisotropic medium removed), and
e,l is the corresponding expansion coefficient. Due to the
magnetic surface currents at the imaginary boundaries
S;, the magnetic induction B in the resonator must be ex-
pressed in terms of a solen~dal and an irrotational set:

~ = PO z h,,~. + P. ~ g.& + P. ~ g.~~oq (2)
n n q

where H,, is the magnetic field of the n’th resonance mode
in the empty resonator, Q,, and ~0~ belong to the irrota-
tional set. h., g., and gOqare the corresponding expansion
coefficients.

001 8-9480/92$03.00 @ 1992 IEEE



TSAI AND, OMAR: FIELD THEORETICAL TREATMENT OF E-PLANE WAVEGUIDE JUNCTIONS 2165

v$
port 2

/

Fig. 1. An E-plane waveguide junction with partial-height ferrite post.

Substituting (1) and (2) into Maxwell’s equations, mak-
ing use of the orthogonal properties of {~.}, {~.}, and
{Q.} [4]-[8], of the identity V “ (A x B) = B “ V x A
– A o V x B, and of the divergence theorem we obtain

P

du m

d V = toe,, (4)

(5)

where w is the angular frequency, * denotes complex con-
jugate, u. is the resonant frequency of the n ‘th mode in
the empty resonator, u is the volume of the empty reson-
ator and ~,(~) and c,(~) are the relative permeability
tensor and relative permittivity in the resonator, respec-
tively, which are functions of the position vector r.

Considering the excitation by the dominant mod~ of the
waveguide at port 1, the incident electromagnetic field
components are given by

(6)

where k~l = x!k~ - -y~l, T;l = T/c, kO = uG, and
c is the height of the waveguides. Since the incident field
varies along the z-direction, and since the ferrite post is
not continuous along this direction, all possible wave-
guide modes are excited. The scattered field can be writ-
ten as follows:
TMY modes:

2

(9)

where b is the width of the waveguides and k~l ‘=

–j ~(wm /b)2 + (1T/c)2 – k:. The other field compo-
nents can be derived from

TEYmodes:

()k e jk(j,x
“ Cos —Zt

c

(lo)

(11)

(12)

(13)

(14)

where k~l = –j ~(wr/b)z + (lT/C)2 – k;.
The components ,E~~,E& H~~, and H; can be derived

from ,

JHk’+$)E~’=aHg:’zi)‘1’)

i(k’+$)E~=aH::’z’)’16)
H;: = j i3E~(xi, Zi)

ay
(17)

up.
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‘()

‘A J,n X;n. ~G.+ = Gtmq; ~ = Dmsq ~
a

()

qr
“e IM ~os — ~ (27)

c

G,, = G~,q,Z = –D~,~
()

c J. x;~, ~
c a

()
q7r

“e Jtn@ sin — ~ (28)

The resonance modes of the empty cylindrical cavity are
either TM to z or TE to z. The TM to z modes (EE HE)_n7 _n

are derived from a magnetic vector potential ~ which has
a z-component + ~ only [3]:

+: = +:s, = 4n,qJm (x4eJ’nocOs(:z)’19)
where n = (m, s, q):

“[

m =.. . –2, –1,0,1,2, ““”

s =1,2,3,.”.

9 =0,1,2,”””

The TE to z modes (@’, ~~) are determined from an
electric vector potential ~ which has a z-component IJ~
only [3]:

J (x4e’m”sin(:z)’20)$: = *:,q = B.,,q m

where n = (m, s, q):

“[

m=. ” “–2,–1,0,1,2,”””

s =1,2,3,”””

9 =1,2,”””

The irrotational modes are defined by [8]

PnG = Y+. (21)

~2141 + P:*I? =0 (22)

a+.
— = O on the surface of the resonator
an

(23)

VXG. =0 (24)— —r, . .

p. is the eigenvalue of the n ‘th solution.
The components of the irrotational set ~. can be ob-

tained from the scalar function ~.

~n=*msq=JJx4e’m”cOs(:z)’25)
which satisfies (22), (23), and (24):

()Gtir =Gm,q,, =D.,q ‘~ J~ X;$ ~
a

().

q7r
e ‘m@cos — z (26)

c

/c /

where n = (m, s, q):

(
m =.. . –2, –1,0,1,2, “ ‘ “

“{s =1,2,3,””.

(q =0,1,2,””’

A B~,q, and D.,,~ can be determined from the normal-
iz~~~n of {~,,}, {I&}, and {Q.}, respectively.

x ~, is the s’th root of Jj,, (”) = O at r = a. The root
x’ms = O is generally not considered as in the case of de-
termining the TE-modes of a cylindrical cavity [3], [8].
However, to expand the magnetic induction @ in the cy-
lindrical resonator in our case the terms QOq which cor-
respond to terms with xJ., = O have to be included for
completeness. These terms are constant on the r-o-plane
and have only a non-zero z-component

q=l,2, ... (29)

DOOqcan be determined from the normalization of{ QOq}.
From a mathematical point of view, these terms have

the same meaning as the constant term in a one-dimen-
sional Fourier series (our cases are two-dimensional in r
and o). The theory of Fourier series is widely known and
the necessity of the constant term in a one-dimensional
Fourier series has already been discussed (e.g. in [9] and
[10]), therefore it will not be repeated here.

These terms Q.q satisfy orthogonality relations

!Po Go, “Q; dv=o,
u

1PO GOp “Q}qd V=li Pq (30)
u

which can easily be verified by carrying out the integra-
tion. 6Pqis the Kronecker delta.

Note: The terms ~Oq are not the zero frequency mode
G. (static magnetic field) discussed in [5]-[8].
The zero frequency mode cannot exist in the cy-
lindrical resonators discussed in this paper which
belong to the type 1 cavity defined in [8].

The continuity of the tangential magnetic field at S~
leads to

& x @[# = & x ~*lsl (31)h’ 8

where 11~is the magnetic field of the i ‘th waveguide.
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Scalar-multiplying (31) by the test vector-functions

&+e?@,&e& @$e&, and ti:e~ and integrating over S;,
we obtain the following matrix equation:

[P]*Q = [RR]*~ + [Ss]”g (32)

where X = ($, v) and

The matrices [C”], [Ck~], [Ckg], [Z?], [S], [RR], [SS],
and [P] have the following form:

(( ))2yi
l+% ~7r

“ sinc$’ + cos
2

Cos d ‘

(33)

Cos ()~z’
c

(34)

(( .))2y *
1+X .g7r

e ~0 hi
“ = e[v;+ = sin

2

(35)

(36)

Equations (3), (4), and (5) can be rewritten in matrix form

[C’e]g = oJ[z]& – [R]?? (37)

[c”] ~ + [Ch’] g = ~ [q g (38)

g = [S]g (39)

where g is a column vector with elements emand [Z] is the
unity matrix. From (32), (37), (38), and (39) we obtain a
matrix equation, the unknown of which are the amplitudes
of the waveguide modes

[1

g’
[M] g’ = [0] (40)

u’—

where

[M] = [P]* + [RR]* ([C”] - @’[l] [c’’]-’ [z])-’

“ (a [1] [tee]-l [R] + [Ck’] [s]) – [sS]* [s]

(41)

[Si] = [[s&J [s~~]]

[

[RRLYI [R@%]
[RR’] =

[RRjH] [RRjE] 1

‘Ssil=[sil’pil=2;1~

(42)

(43)

(44)

i=l,2,3. (45)

where the subscript H and E denote the TEZ and TMZ
modes of the empty cylindrical resonator, respectively,
and h and e denote the TEY and TMY modes of the wave-
guides, respectively. G denotes the irrotational set.

Since the junction is excited by the dominant mode of
the waveguide at port 1 with amplitude All = 1, (40) can
be rewritten as

‘“’][l=-A’lFI ’46)—

where the elements of the column vectors ~ “’ (i = 1,2,
3) are the amplitudes of the scattered waveguides modes.

The computation time of the method is determined by
the computation time required to calculate the elements of
the matrices and the computation time required to solve
(46). Most elements of the matrices [R], [S], [N?], [SS], ‘
and [P] have to be calculated numerically. But if the di-
ameter of the ferrite post is not too large, the required
number of waveguide modes is then much less than the
required number of expansion functions of the cylindrical
resonator. The computation time for the elements of these
matrices is thus less critical than that for the elements of
the matrices [C” ], [Chh], and [Chg]. Fortunately, all the
elements of the matrices [C”], [Ch~l], and [C’g ] can be
calculated analytically by using Green’s first identity.

IV. NUMERICAL RESULTS

A. Numerical Results for the Empty E-plane Y-junction

In order to show the necessity of the completeness terms
&~, we consider an empty E-plane Y-junction. The width
and height of the waveguides are 10.16 mm and 22.86
mm, respective] y. Fig. 2 shows the magnitude of the dif-
ferent S-parameters and the argument of the different ei-
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Fig. 2. S-parameters and arguments of the scattering matrix eigenvalues
of an empty E-plane Y-jrsnctlon: values computed with Q.q,

- values computed without Q A measured values given by [1 1].

genvalues corresponding to the scattering matrix. The
solid lines show the results with the terms QO~taken into
account, and the broken lines show the results without
these terms. The experimental results of [11] are repre-
sented by the triangles. Obviously for the correctness of
the numerical results, the irrotational set has to include
the terms ~O~. Since these terms have constant values on
the r-@-plane, one can expect that only the argument of
the nondegenerate eigenvalue POwill be affected as shown
in Fig. 2 while the arguments of the degenerate eigenval-
ues P* do not change.

The tangential magnetic field at S~ has +- and
z-components. The continuity of the tangential magnetic
field is shown in Figs. 3 and 4. The solid lines represent
the field in the waveguides just in front of S:, and the
broken lines represent the field just inside the junction.
For the z-component of the magnetic field, the two curves
are so close to each other that they cannot be distin-
guished in the figure.

To ensure the correctness of the numerical results, the
completeness terms & are included in the following cal-
culations.

B. Numerical Results for the E-Plane Y-Junction
Containing Full-Height Ferrite Post

The convergence of our results for an E-plane
Y-junction containing an Y13A full-height ferrite post is
shown in Fig. 5. It can be seen that 40 expansion func-
tions in radial direction are sufficient for the calculation.
The number of the expansion functions in circumferential
direction and of the wavemtide modes are 21 and 11. re-

‘!
,0025

—

&,oo20
—

.0015

,0010

0,

0 100 200 300
! [ dee,ee 1 +

42 I 1

-2 I I
o 100 200 300

0 [ degree 1 +

Fig. 3. Distribution of the @component of the magnetic field at ,S; (i = 1,
2, 3) of an empty E-plane Y-ysnction: z = c/4 and~ = 10 GHz.
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Fig. 4. Distribution of the z-component of the magnetic field at S~ (i = 1,

2, 3) of an empty E-plane Y-junction: : = c/4 and ~ = 10 GHz.

spectively. The improvement of the numerical results is
less than 1% by using 141 expansion ,functions in circum-
ferential direction and 41 waveguide modes.

The performance of an E-plane Y-junction containing
an Y 13A full-height ferrite post is calculated. Shown in
Fig. 6 are the calculated insertion, reflection, and isola-
tion losses for the ferrite post with diameter of 5.08 mm
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computed from this theory.

and height of 22.86 mm. The numerical results of [1] by
using the point-matching method are represented by the
broken lines. The circulation frequency according to our
results is at 11 GHz and according to the results of [1] at
10.6 GHz. The two results agree well in the range from
8 GHz to 10 GHz. Above 10 GHz, the two results are
shifted at an amount of about O.4 GHz and our calculated
reflection and isolation losses are larger than those of [1]
at the circulation frequency. Fig. 7 shows the computed
circulator characteristics when using a ferrite post with
diameter of 7.62 mm. The experimental results of [1] are
represented by broken lines and our results are indicated
by triangles. The two results also agree to a very good
extent in this case. The internal dc magnetic field HOused
in all calculations is 200 Oe.

The electric-field distribution in the junction as a func-
tion of r at z = c/4 is shown in Fig. 8. The discontinui-
ties of the electric field components E. and EZ at r = a
are due to the fact that magnetic currents are introduced
there while the discontinuities at the ferrite-air interface
are accompanied with Gibbs phenomenon.

Fig. 9 shows the power-density distribution in the junc-
tion as a function of@ at different values of r, for the case
of d = 5.08 mm at a circulation frequency of 11 GHz and
z = c/4. Specially, at r/a = 0.9 we can see that the
power entering from the input port (O = 120° to @ =
240°) is almost completely transmitted to the output port
(4 = 240° to @ = 3600). The difference in sign of the
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Fig. 10, S-parameters and arguments of the scattering matrix eigenvalues
of an E-plane Y-junction with partial-height unmagnetized RF 2 ferrite post:
d=8mm, k=5mm, e,=13.5and H0 =O. — values computed
from this theory, ---- measured values given by [1 1].

power-density is due to the fact that the power in the input
port is incident to the junction while the power in the out-
put port is leaving the junction.

C. Numerical Results for the E-Plane Y-Junction
Containing Partial-Height Unmugnetized and
Magnetized Ferrite Posts

If the dc magnetic field HOis zero, the off-diagonal ele-
ments of the relative permeability tensor ‘)2, are all zero
while the diagonal elements have equal value which is
somewhat smaller than 1 [12]. Fig. 10 shows the
S-parameters and the arguments of the scattering matrix
eigenvalues of an E-plane Y-junction with a partial-height
unmagnetized RF 2 ferrite post. Our results are repre-
sented by solid lines and the experimental results of [11]
are indicated by broken lines. As can be seen the two re-
sults agree fairly good. The abrupt changes of the argu-
ments of the eigenvalues at about 9.2 GHz and 11.2 GHz
are due to the resonances of the EH1, ~~z and HEO1,/z
modes of the unmagnetized ferrite post at these frequen-
cies, respectively.

Fig. 11 shows the calculated S-parameters (solid lines)
and the experimental results (broken lines) of [11] for an
E-plane Y-junction with partial-height RF 2 ferrite post.
Diameter and height of the RF 2 ferrite post are 8 mm and
5 mm, respectively. The agreement between the two re-
sults is not so good as for the results with unmagnetized
ferrite post. The discrepancy may be due to the inhomo-
geneity of the dc magnetic field around the ferrite post
which had about the same diameter as the permanent mag-
net used in the experiment. This inhomogeneity of the dc
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Fig. 11. Performance of an E-plane Y-junction with partial-height mag-
netized RF 2 ferrite post. The parameters of the RF 2 ferrite material are d
= 8 mm, h = 5 mm, c, = 13~5, MO = 185 KA/nr, g = 2.03, and Ho =
200 Oe, ---- measured values given by [11] , —values computed
from this theory.

magnetic field around the ferrite post leads to values of
the relative permeability tensor elements which differ from
those used in the numerical calcitlations.

V. CONCLUSION

A method based on the equivalence principle and on
cavity field expansions for the analysis of E-plane wave-
guide junctions with an anisotropic medium has been pre-
sented. It has been shown that in order to completely de-
scribe the fields in the junction the completeness terms
QO~have to be included in the irrotational set, The per-
formance of the E-plane Y-junctions containing full-
height and partial-height ferrite post has ‘been calculated
and compared with previously published theoretical and
experimental results. The electric-field and power-density
distributions in the junction have been plotted.
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